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Energy levels of the double Λ hypernucleus, 11ΛΛBe are calculated within the framework of an
ααnΛΛ five-body model. Interactions between constituent particles are determined so as to repro-
duce reasonably the observed low-energy properties of the αα, ααn nuclei and the existing data
for Λ-binding energies of the αΛ, ααΛ, αnΛ and ααnΛ systems. An effective ΛΛ interaction is
constructed so as to reproduce, within the αΛΛ three-body model, the BΛΛ of
6
ΛΛHe, which was ex-
tracted from the emulsion experiment, the NAGARA event. With no adjustable parameters for the
ααnΛΛ system, BΛΛ of the ground and bound excited states of
11
ΛΛBe are calculated with the Gaus-
sian Expansion Method. The Hida event, recently observed at KEK-E373 experiment, is interpreted
as an observation of the ground state of the 11ΛΛBe.
In nuclear physics involving strangeness, the funda-
mental problem is to describe the different facets of the
interactions among the baryon octet in a unified way.
Our aim is to reveal various features of hyperon(Y )-
nucleon(N) and Y Y interactions through combined anal-
yses for two- and many-body hyperonic systems. For in-
stance, ΛN interaction models have been constructed so
far by utilizing various Λ hypernuclear data to comple-
ment the limited ΛN scattering data. The ΛΛ interaction
is an important entry into the S=−2 baryon-baryon in-
teractions, decisive information about which is obtained
from observations of double-Λ hypernuclei and their sep-
aration energies for two Λ’s separated from a double-Λ
hypernucleus, denoted as BΛΛ.
In the KEK-E176/E373 hybrid emulsion experiments,
there were observed several events corresponding to
double-Λ hypernuclei. Among them was the epoch-
making observation of the NAGARA event, which was
identified uniquely as 6ΛΛHe in the ground state with
a precise value of BΛΛ = 6.91 ± 0.16 MeV [1, 2]. A
second important observation was the Demachi-Yanagi
event [2, 3] identified as 10ΛΛBe with BΛΛ = 11.90 ± 0.13
MeV[13] though it was uncertain whether this event was
interpreted to be the ground state or an excited state.
A newly observed double-Λ event has been recently
reported, called the Hida event [2]. This event has
two possible interpretations: One is 11ΛΛBe with BΛΛ =
20.83 ± 1.27 MeV, and the other is 12ΛΛBe with BΛΛ =
22.48± 1.21 MeV. It is uncertain whether this is an ob-
servation of a ground state or an excited state.
In the planned experiments at J-PARC, dozens of
emulsion events for double-Λ hypernuclei will be pro-
duced. In emulsion experiments, however, it is difficult
to determine the spin-parity or even to know whether an
observed event corresponds to a ground or excited state.
Therefore, it is vitally important to compare the emul-
sion data with theoretical analyses to obtain a proper
interpretation.
In order to interpret the ’Demachi-Yanagi’ event,
we studied in Ref.[3] the 10ΛΛBe hypernucleus within the
framework of the ααΛΛ four-body cluster model, where
the ΛΛ interaction was taken consistently with the NA-
GARA event. Our calculated value for the 2+ state was
in good agreement with the observed data. Thus, the
Demachi-Yanagi event is interpreted as an observation of
the 2+ excited state of 10ΛΛBe.
The aim of this paper is to interpret the new Hida
event on the basis of our theoretical study, adapting the
method used for interpreting the Demachi-Yanagi event.
At present, the Hida event has two possible interpreta-
tions: 11ΛΛBe and
12
ΛΛBe. In this paper, we assume this
event is a 11ΛΛBe hypernucleus. It is reasonable to em-
ploy an ααnΛΛ five-body model for the study of 11ΛΛBe,
because, as mentioned above, the interpretation of the
Demachi-Yanagi event for 10ΛΛBe was possible on the ba-
sis of an ααΛΛ four-body cluster model, and 11ΛΛBe is
composed of 10ΛΛBe plus one additional neutron. We fur-
ther note that the core nucleus 9Be is well described by
using an ααn three-cluster model [4], and, therefore, it
should be possible to model the structure change of 9Be
due to the addition of the two Λ particles as a five-body
problem.
The ααnΛΛ five-body cluster model employed in this
paper is quite challenging as a numerical computation,
because of the following conditions: (1) there exist three
species of particles (α, Λ, and neutron), (2) five different
kinds of interactions (Λ-Λ, Λ-neutron, Λ-α, neutron-α,
and α-α) are involved, (3) one must take into account the
Pauli principle between the two α particles and between
the α and neutron. We have succeeded in developing
our Gaussian Expansion Method [5], used in the above
mentioned study of 10ΛΛBe, in order to perform this five-
body cluster-model calculation.
It should be emphasized, before going to the five-body
calculation, that all the interactions are determined so as
to reproduce the observed binding energies of the two-
and three-body subsystems (αα, αn, ααn, αΛ, ααΛ,
αΛΛ, and αnΛ). We then calculated the energies of
the A = 10 four-body subsystems, 10Λ Be (= ααnΛ) and
10
ΛΛBe (= ααΛΛ), and found that they are simultane-
ously reproduced with no additional adjustable param-
eters needed. We are then able to calculate both the
2ground and excited states of 11ΛΛBe with no free param-
eter. On the basis of careful calculations, we shall show
that the recently reported Hida event can be considered
to be an observation of the ground state of 11ΛΛBe.
In order to take into account the full five-body degrees
of freedom of the ααnΛΛ system and the full correlations
among all the constituent five particles, we describe the
total wave function, ΨJM (
11
ΛΛBe), as a function of the
entire 35 sets of Jacobi coordinates {rc,Rc,ρc,Sc; c =
1 − 35} in which the two Λ’s (two α’s) have been an-
tisymmetrized (symmetrized). Some of the important
coordinate sets (c = 1− 6) are shown in Fig. 1.
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FIG. 1: Example sets (c = 1− 6) of Jacobi coordinates of the
ααnΛΛ five-body system. Antisymmetrization (symmetriza-
tion) of two Λ’s (two α’s) is to be made.
The total wave function is described as a sum of five-
body basis functions Φ
(c)
JM, β , which is an extension of our
previous work using four-body basis functions [6]:
ΨJM (
11
ΛΛBe) =
35∑
c=1
∑
β
C
(c)
β AΛΛSααΦ
(c)
JM, β , (1)
where AΛΛ (Sαα) is the antisymmetrizer (symmetrizer)
for two Λ’s (two α’s), and
Φ
(c)
JM, β = ξ(α1)ξ(α2)
×
[ [ [
[φ
(c)
nl (rc)ψ
(c)
NL(Rc)]I ϕ
(c)
n′l′(ρc)
]
K
Φ
(c)
N ′L′(Sc)
]
L
×
[
[χ 1
2
(Λ1)χ 1
2
(Λ2)]Σ χ 1
2
(n)
]
S
]
JM
, (2)
with β ≡ {nl,NL, n′l′, N ′L′, IKL, ΣS} denoting a set
of the quantum numbers. In Eq. (2), ξ(α) is the in-
ternal wave function of an α-cluster having (0s)4 con-
figuration and is used in the folding procedures for the
αn, αΛ, and αα interactions. The χ 1
2
(Λ) and χ 1
2
(n) are
the spin functions of the Λ and n, respectively. Follow-
ing Refs. [5, 6], the radial shapes of the basis function
φnlm(r)(= r
l e−(r/rn)
2
Ylm(r̂)) are taken to be Gaussians
with ranges postulated to lie in a geometric progression
and similarly for ψNLM (R), ϕn′l′m′(ρ) and ΦN ′L′M ′(S).
The expansion coefficients C
(c)
β and the eigenenergy E
of the total wave function ΨJM (
11
ΛΛBe) are determined
by solving the five-body Schro¨dinger equation using the
Rayleigh-Ritz variational method.
In the present ααnΛΛ five-body model for 11ΛΛBe, it
is absolutely necessary that any subcluster systems com-
posed of the two, three, or four constituent particles are
reasonably described by taking the interactions among
these systems. In our previous work on double Λ hy-
pernuclei with A = 7 − 10 within the framework of the
αxΛΛ four-body cluster model (x = n, p, d, t,3He, and α)
[6], the α-α, α-n, α-Λ,Λ-n, and Λ-Λ interactions were de-
termined so as to reproduce well the following observed
quantities: (i) Energies of the low-lying states and scat-
tering phase shifts in the αn and αα systems, (ii) Λ-
binding energies BΛ in
5
ΛHe (= αΛ),
6
ΛHe (= αnΛ) and
9
ΛBe (= ααΛ), (iii) double-Λ binding energies BΛΛ in
6
ΛΛHe (= αΛΛ), the NAGARA event. We then predicted,
with no more adjustable parameters, the energy level of
10
ΛΛBe (= ααΛΛ), and found that, as mentioned before,
the Demachi-Yanagi event was an observation of the 2+
excited state of 10ΛΛBe.
In the present five-body calculation, we employ the
interactions of Ref. [6] so that those severe constraints
are also successfully met in our two-, three-, and four-
body subsystems. But, the present core nucleus 9Be
(= ααn) does not belong to the subsystems studied
previously. Since use of the same αα and αn interac-
tions does not precisely reproduce the energies of the
low-lying states of 9Be measured from the ααn thresh-
old (the same difficulty is seen in another microscopic
ααn cluster-model study [4]), we introduce an additional
phenomenological ααn three-body force with a Gaus-
sian shape, v0e
−(rα−α/r0)
2
−(Rαα−n/R0)
2
, having r0 = 3.6
fm, R0 = 2.0 fm and v0 = −9.7MeV (+13.0MeV) for
the negative-parity (positive-parity) state so as to fit
the observed energies of the 3/2−1 ground state and the
5/2−1 , 1/2
−
1 and 1/2
+
1 excited states in
9Be. For the lat-
ter three resonance states, the same bound-state approxi-
mation (namely, diagonalization of the Hamiltonian with
the L2-integrable basis functions) was applied. Simulta-
neously, we found that the calculated BΛ of the ground
state (1−) of 10Λ Be reproduced well the observed value.
In order to reproduce the observed BΛΛ = 6.91 MeV
for 6ΛΛHe, we tuned the ΛΛ interaction {Eq.(3.6) in
Ref. [6] } by multiplying the strength of the i = 3 part
by a factor 1.244. As for 10ΛΛBe, we obtained B
cal
ΛΛ (2
+
1 ) =
11.88 MeV and B calΛΛ (0
+
1 ) = 14.74 MeV, which explain,
respectively, the Demachi-Yanagi event for the 2+1 state
(11.90±0.13 MeV) and the data of Ref. [8] for the ground
state (14.6± 0.4 MeV; see Table 5 of Ref.[8]). The above
successful check of the energies of the subsystems en-
courages us to perform the five-body calculation of 11ΛΛBe
with no adjustable parameter, expecting high reliability
for the result.
In Fig. 2, convergence of the calculated energy of
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FIG. 2: Convergence of the energy E of the 3/2− ground state
in 11ΛΛBe with respect to increasing number of the ααnΛΛ five-
body basis functions. The energy is measured from the five-
body breakup threshold. The dashed line shows the lowest
threshold, 10ΛΛBe +n threshold. See text for points (a)-(d).
the 3/2− ground state of 11ΛΛBe is illustrated with in-
creasing number of five-body basis functions Φ
(c)
JM, β in
Eq.(1). The energy is measured from the five-body
breakup threshold. The lowest threshold is 10ΛΛBe + n,
located at −14.68 MeV. The most important configura-
tion in the ground-state wave function is found to be of
the 9Be∗+Λ+Λ type, namely the configuration described
by using the Jacobi-coordinate sets c = 1 − 4 in Fig. 1;
here, 9Be∗ denotes the ααn three-body degrees of free-
dom. The energy point (a) is obtained by taking c = 1
configuration in Fig.1, the point (b) is obtained by c = 1
and 2 and the point (c) is obtained by c = 1 to 4. The
additional 4-MeV energy gain from point (c) to (d) is ob-
tained by including the configurations of the 9ΛBe
∗+n+Λ
type described with the Jacobi coordinates such as c = 5
and 6, in which 9ΛBe
∗ stands for the ααΛ degrees of free-
dom. Another 1.5-MeV gain from point (d) down to the
converged value (−19.81 MeV with the accuracy of 10
keV totally with ∼ 50, 000 basis functions) is achieved
by including all the other types of configurations such as
10
ΛΛBe
∗ + n, 10Λ Be
∗ +Λ, 7ΛΛHe
∗ + α, 6ΛHe
∗ + 5ΛHe
∗. Thus,
the ground state is found to be bound by 5.1 MeV be-
low the lowest threshold. The angular momentum space
of l, l′, L, L′, λ ≤ 2 was found to be sufficient to obtain
convergence for the energy.
TABLE I: Calculated r.m.s. distances r¯α−α, r¯α−n and
r¯(αα)−n in
9Be, 10Λ Be and
11
ΛΛBe.
(fm) r¯α−α r¯α−n r¯(αα)−n
9Be 3.68 3.98 3.54
10
Λ Be 3.28 3.53 3.14
11
ΛΛBe 3.10 3.33 2.94
It is interesting to look at the dynamical change of
the nuclear core, 9Be, which occurs due to the addition of
two Λ particles. The possibility of nuclear-core shrinkage
due to a Λ-particle addition was originally pointed out
in Ref. [9] by using the αxΛ three-cluster model (x =
n, p, d, t,3He, and α) for p-shell Λ hypernuclei. As for the
hypernucleus 7ΛLi, the prediction of some 20%-shrinkage,
in Ref. [9] and in an updated calculation [10], was actually
confirmed by experiment [11]. As far as p-shell double-Λ
hypernuclei are concerned, the present authors found [6],
using an αxΛΛ model, that participation of the second
Λ particle can induce a further ∼ 8% reduction in the
distance between the α and x in the nuclear core. For the
present five-body ααnΛΛ system, 11ΛΛBe, Table I shows
the r.m.s. distances r¯α−α between two α particles, r¯α−n
between α and n and r¯(αα)−n between (αα) and n in
9Be,
10
Λ Be and
11
ΛΛBe. When the first Λ particle is added to
9Be,
a reduction of those distances is about 20%, whereas the
adding a second Λ reduces the distances by about 6% ;
this is similar to the case of double Λ hypernuclei studied
with the αxΛΛ four-body model [6].
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FIG. 3: Calculated energy spectra of the low-lying states of
11
ΛΛBe together with those of the core nucleus
9Be.
Finally, let us discuss the energy spectra of 11ΛΛBe and
its relation to the Hida event. Using the same framework
and interactions as those in the 3/2− ground state, we
calculated energies and wave functions of the 5/2−1 , 1/2
+
1
and 1/2−1 states of
11
ΛΛBe; there is no other bound state
below the lowest 10ΛΛBe+n threshold. The energy level is
illustrated in Fig. 3 together with that of 9Be. Interest-
ingly enough, the order of the 1/2+ and 5/2− states is
reversed from 9Be to 11ΛΛBe. This is because the energy
gain due to the addition of the Λ-particle(s) is larger in
the compactly coupled state (5/2−1 ) than in the loosely
4coupled state (1/2+1 ). Note that the same type of the-
oretical prediction was reported, in our early work [12]
for 13Λ C based on the αααΛ model, for the Λ particle ad-
dition to the compactly coupled state (3−1 ) and to the
loosely coupled state (0+2 ) in
12C.
As seen in Fig. 3 the calculated value of BΛΛ(
11
ΛΛBe)
is 18.23 MeV for the 3/2− ground state, while for the ex-
cited states the BΛΛ values are calculated to be less than
15.5 MeV. Therefore, the observed Hida event can be in-
terpreted to be the ground state. When our calculated
binding energy is compared with the experimental value
of 20.83 MeV with a large uncertainty of σ=1.27 MeV,
we can say at least that our result does not contradict
the data within 2σ.
So far, the ΛΛ interaction strength has been often es-
timated rather intuitively by the quantity ∆BΛΛ(
A
ΛΛZ) ≡
BΛΛ(
A
ΛΛZ) − 2BΛ(
A−1
Λ Z). The observed value of
∆BΛΛ(
6
ΛΛHe) is 0.67 MeV, to which our ΛΛ interaction
is adjusted. The calculated value for the ground state of
10
ΛΛBe is 1.32 MeV. On the other hand, that for
11
ΛΛBe is
obtained as only 0.29 MeV. Here, the BΛ(
10
Λ Be) is given
by a weighted sum of the values for ground 1− and ex-
cited 2− states of 10Λ Be so that there is no contribution
of the ΛN spin-spin interaction in the double-Λ state.
One should notice here the remarkable difference between
∆BΛΛ values for
10
ΛΛBe and
11
ΛΛBe.
Furthermore, as discussed in the previous paper [6],
values of ∆BΛΛ include rearrangement effects in nuclear
cores due to participation of Λ hyperons. Then, we
showed that the V bondΛΛ defined by Eq. (3) was useful for
estimating the strength of the ΛΛ interaction
V bondΛΛ (
A
ΛΛZ) ≡ BΛΛ(
A
ΛΛZ)−BΛΛ(
A
ΛΛZ : VΛΛ = 0) , (3)
where BΛΛ(
A
ΛΛZ : VΛΛ = 0) denotes the BΛΛ value cal-
culated by putting VΛΛ = 0. Table II lists the calculated
values of V bondΛΛ for
6
ΛΛHe,
10
ΛΛBe and
11
ΛΛBe which are sim-
ilar to each other. Thus, the obtained ΛΛ bond energy
in 11ΛΛBe turns out to be reasonable in spite of the small
value of ∆BΛΛ.
TABLE II: ΛΛ bond energy V bondΛΛ (
A
ΛΛZ) defined by Eq. (3).
6
ΛΛHe
10
ΛΛBe
11
ΛΛBe
V bondΛΛ (
A
ΛΛZ) 0.54 0.53 0.56 (MeV)
In conclusion, motivated by the recent observation of
the Hida event for a new double Λ hypernucleus, we have
succeeded in performing a five-body calculation of 11ΛΛBe
using an ααnΛΛ cluster model. The calculated ΛΛ bind-
ing energy does not contradict the interpretation that
the Hida event is an observation of the ground state of
11
ΛΛBe. In this model, we described the core nucleus
9Be
using the ααn three-cluster model and found a significant
structure change (shrinkage) of 9Be due to the addition
of the two Λ particles. For an alternative interpretation
of the Hida event as the ground (or any excited) state
of 12ΛΛBe, a corresponding six-body ααnnΛΛ model cal-
culation is necessary, but such an undertaking is beyond
our present consideration. More precise data are needed
in order to test our present result quantitatively. In the
near future, many data for double Λ hypernuclei are ex-
pected to be found in the new emulsion experiment E07
at J-PARC. Then, our systematic predictions including
the work of Ref. [6] will be clearly tested.
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